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Abstract 

In 1996 Chui and Wang proved that the uncertainty constants 
of scaling and wavelet functions tend to infinity as smoothness of 
the wavelets grows for a broad class of wavelets such as Daubechies 
wavelets and spline wavelets. We construct a class of new families of 
wavelets (quasispline wavelets) whose uncertainty constants tend to 
those of the Meyer wavelet function used in construction. 
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1 Introduction 

One of the main advantages of wavelet systems is the good time-frequency 
localization. The smoothness of wavelets is also a useful and desired property. 
So 

to find wavelets preserving time-frequency , 
localization as smoothness grows 

is a very attractive and interesting problem. In the sequel, by a wavelet we 
mean a function generating an orthonormal basis of (see the definition 

in section [2]). The measure of the time- frequency localization is an uncer- 
tainty constant (see the definition in section [2]). So in problem ([1]) we are 
interested in uncertainty constants bounded with respect to a smoothness 
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parameter. It is well known that the main classical families of wavelets con- 
tain wavelet functions with arbitrary large finite smoothness. Thus, one can 
investigate how a functional defined on a family of wavelets depends on the 
smoothness of the wavelets. Let the functional be the uncertainty constant. 
Unfortunately, the main classical families of wavelets lose the time-frequency 
localization as the smoothness of chosen wavelet function grows. More pre- 
cisely, Chui and Wang [I] show that the uncertainty constants of scaling and 
wavelet functions tend to infinity as the smoothness of the wavelets grows 
for a broad class of wavelets such as for example Daubechies wavelets and 
spline wavelets. So Daubechies wavelets and spline wavelets don't settle ([!]). 

Later Chui, Wang [2 J and Goodman, Lee [5] construct families of nonorthog- 
onal scaling functions and semi-orthogonal wavelet functions. These func- 
tions have optimal uncertainty constants (in the sense of Heisenberg uncer- 
tainty principle) as the smoothness parameter tends to infinity. But nothing 
is said about orthogonal scaling and wavelet functions in [2] and [3]. 

Trying to solve problem ([TJ), Novikov [I], [5] constructs a family of mod- 
ified Daubechies wavelets. The wavelet functions are compactly supported. 
The squared module of the modified Daubechies mask is the Bernstein poly- 
nomial. It interpolates a piecewise linear function (instead of the charac- 
teristic function of an interval as it is in the case of classical Daubechies). 
The smoothness of the modified Daubechies wavelet grows as the order of 
the Bernstein polynomial increases. The time-frequency localization of the 
autocorrelation function which is constructed for the scaling function of this 
family is preserved with the growth of the smoothness. It is still an open 
question whether the modified Daubechies scaling and wavelet functions pre- 
serve the time-frequency localization as the smoothness growing. 

In [5J, the author constructs a new wavelet family solving problem (jTJ 
for scaling functions. New scaling functions decay exponentially and their 
Fourier transforms decay as 0{u~ l ), like spline wavelets; the uncertainty 
constants of the scaling functions are uniformly bounded with respect to the 
smoothness parameter I. The construction is based on de la Valle-Poussin 
means of a function closely connected with the Meyer mask. 

In the present paper, we construct a wide class of such wavelets (see 
Theorem [1]). The new wavelet function also decays exponentially at infinity 
and its Fourier transform decays as 0(u~ l ), like spline wavelet; that is why it 
is named a quasispline wavelet function (see Definition [1]). The construction 
is based on the linear method of summation satisfying some weak, easily 
done conditions (see Theorem [2]). The wavelet system constructed in [BJ is an 
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example of the quasispline wavelets. It is proven that the quasispline wavelets 
solve problem ([T]) for scaling and wavelet functions. Moreover, since the 
uncertainty constant for the Meyer scaling and wavelet function is bounded, 
a special property for the quasispline wavelets is proven. This property is 
stronger than the boundedness. Namely, we establish the convergence of 
the uncertainty constants defined for the new scaling (wavelet) functions to 
those of the Meyer scaling (wavelet) function used in construction as the 
smoothness parameter / goes to infinity. The latter result also means that 
the uncertainty constant is a continuous functional, where the variable of 
the functional is a non-orthogonal mask mi. We also estimate the rate of 
the convergence. It is necessary to note that the construction of quasispline 
wavelets can be based not only on the Meyer mask but also on any smooth 
orthogonal mask m such that m(u) — 1 if |a>| < a and m(uj) = if b < \u\ < n 
for some tt/3 < a < b < n. 



2 Notations and auxiliary results 

Denote by [x] an integer part of a real number x. Denote by C k [a, b] a space 
of all k times continuously differentiable functions defined on the interval 
[a, b] with norm \\f\\w^ ■= Ej=o max ^eM \ f ij) ( x )\i write C°[a,b) = C[a,b] 
and C[— Ti, 7r] = C. 

We choose the Fourier transform and the reconstruction formula as 

/(«) := / f(t)e-^dt, f(t) := ±- f f(u)^du 

respectively. For the Fourier series / ~ y + XlneN a « cos nuJ + b n s ^ n nuJ the 
sequence {X n ,h)i k — 1, . . .n, n G N defines a linear method of summation 

u n (f, uj) := + A n , fc (a n cos nuj + b n sin nu) = / f(x)U n (x,u)dx, 

where U n (x,u) := 1/2 + J2k=i ^n,kCOsk(x — uj) and terms 

1 f 71 1 f 71 

f(uj) cos nujduj, b n := — / f(uj) sin nuj duj 



are the Fourier coefficients. The following property holds true 

u n (f',u) = (u n (f,u))' u . (2) 
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A function tp is called a wavelet function if the functions 2^(2 J ' •-£;), 
j, k 6 Z form an orthonormal basis of L 2 (IR). 

Denote by 9{uS) some odd function equal to j for u > |. Assume hence- 
forth that (9(u;) is a non-decreasing twice continuously differentiable function. 
Denote by ujq some parameter that varies in the interval | < co> < f and put 
tU! := 7r — u^o- A Meyer scaling function <yj M is defined by 

M < 2u;o, 
7r)jj , 2co>o < |a;| < 2n — 2uo, 
\u\ > 2ir — 2a;o- 

A Meyer mask is a 27r-periodic function defined on [— 7T, 7r] as follows m M (uj) := 

ip M (2u>). It is well known (see, for example [7]) that under the above restric- 
tions on the function 8, the uncertainty constants of for the Meyer scaling 
and wavelet function are bounded. 

The uncertainty constant of / is the functional AjAjsuch that 

A 2 / := ||/|| L2 2 (R) / M (t-to/) 2 |/(t)| 2 ^ Aj:= ||/|| i2 2 (M) / M ( W -^) 2 |/M| 2 ^, 

t 0f ■= \\f\\J m J R t\f(t)\ 2 dt, u qT := ll/ll^/^l/HI 2 ^. 

The terms Af,Apt f, and uo j are called the time radius, the frequency 
radius, the time centre, and the frequency centre of the function / 
respectively. 

The numbers ±e tuJ are called the pair of symmetric roots of the mask 
m if m(ui) = m(u + 7r) = 0. A set B := {pi, . . . , b n } of distinct complex num- 
bers is called cyclic if bj + i = 6 2 , for j — 1, . . . , n and b n+ i — b\. A cyclic set 
B is called the cycle of the mask m if m(uj + ir) = for all uj such that 
exp(iuj) = bj for some j = 1, . . . ,n. The trivial cycle is the set {1}. A 
mask is called pure if it has neither pairs of symmetric zeros nor cycles. The 
following result gives a necessary and sufficient condition for integer shifts 
</?(• + k), k G Z of a scaling function <p to be stable (i.e., to form a Riesz 
basis). 

Proposition 1 [8, Corollary 3.4-15] Integer shifts of a scaling function are 
stable (i.e., form a Riesz basis) iff corresponding mask has neither pairs of 
symmetric zeros nor nontrivial cycles. 



ip M {uj) 



cos 



o, 
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The Holder exponent cif of a function / defined on some closed interval 
[a, b] is 

« /: =A; + sup{/3GR||/ (fc) (xi)-/ (fc) (^2)| <C p \x x -x 2 \ p , x x ,x 2 e [a,b]}, 

/3eR 

where k := max.h e z{h\f G C h [a, b}}. Another characteristic of the smoothness 
of / is 

6 f :=snp\(3 eR \f(u)\<C(\u\ + l)-P\ . 



The smoothness characteristics we introduced are known to satisfy the in- 
equality 6 j — 1 < af < 6 j. By 6{m) we mean where ip is the scaling 
function corresponding to the mask m. The following result can be used for 
finding 9{m). 

Proposition 2 [8, Lemma 7.4-2 and Proposition 7-4-4] Suppose that some 
maskm is represented as m(uj) = (cos th m c (u;), where m c is a pure mask. 
Then 6{m) = L + 1 + 9(m c ) and 6{m c ) = lim^oo 9^, where 

Ok-.= ~l log 2 ||m c (u;) • • • m c (2 fc -^) IU (3) 

3 Basic construction and conditions for a lin- 
ear method of summation 

Let us introduce a non-orthogonal mask of a new wavelet function. It is 
defined as the following 27r-periodic trigonometric polynomial 



mAuj) : = cos — — —. — u — - 



(4) 



where 

mj» := I E N, 

(cos f ) 

m M is a fixed Meyer mask, and trigonometric polynomial u n (i)(m^,-) is 
defined by a fixed linear method of summation for the function mf 1 . 

Since mi is a trigonometric polynomial and m;(0) = 1, the infinite product 
YYjLi m i (fr) converges absolutely and uniformly on an arbitrary compact set. 
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(If an infinite product is equal to zero we assume that it converges.) Thus 
the function mi is a mask for a stable, but not orthogonal scaling function 
(pi, the Fourier transform of <pi is determined by the equality 

oo 
3=1 

The functions </?/(• + fc) for /c e Z form the Riesz basis in the closure of their 
linear span; this claim is straight corollary of Lemma [6] and Proposition [TJ 
From estimation (|T6|) it follows that the orthogonalizing factor 

:=^|y^ + 2vrA;)| 2 (6) 

is well defined. Using the function <3>; we define the Fourier transform of the 
orthogonal scaling function 

j?(o;) := ^)*r°'V), (7) 

the orthogonal mask 

mt(uj) : = m^)$°' 5 M$-°' 5 (2cu), (8) 

and, finally, the Fourier transform of the wavelet function 

$(u) := (| + tt) ^ (|) . (9) 

Definition 1 5y a quasispline wavelet function we mean the func- 
tion ipi~, where the Fourier transform tjjf- is defined by (TJ^ and a non- orthogonal 
mask is defined by (fj]j. The functions (pj-, mj~, ipi, mi defined by 0, (E)], (TJJ) ; 
and O]) respectively are called a quasispline scaling function, a quasi- 
spline mask, a non-orthogonal quasispline scaling function, and 
a non-orthogonal quasispline mask respectively. 



So for any fixed Meyer mask and for any fixed linear method of summation 
we get the sequence (tpi)ien of quasispline wavelet functions, and the symbol 
I is a smoothness parameter (see Theorem H]). 

In the remaining part of the article the following main Theorem will be 
proven. 
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Theorem 1 Suppose that ^ (fj~) is a quasispline wavelet (scaling) func- 
tion. Then 

1. the functions <pj- and ipj- decay exponentially at infinity (Theorem^); 

2. the functions (pf- and ipj- decay as 0(u~ l ) at infinity, namely the Holder 
exponents a^± and a^± of the functions satisfy the inequalities 

2( - 1+log2 (rrko) £ v s 2 '. 2 <- 1+1 * (ttiu)) ^ a *t £ 21 

(Theorem^); 

3. the uncertainty constants A 2 X A?- (A 2 I± A 2 — ) of the quasispline scal- 

ing (wavelet) functions iff- (ip~t) tend to those of the Meyer scaling 
(wavelet) function, namely 

O (max{/i(Z), (4e 2 -°)-2'+4io g2 i±f« } j , 



A\- 


A 2 ^| = 


\A\ 


- A 2 1 


\A\ 






A 2 1 - 



Y -*+21og 2 i±^ 



^-Z + 21og 2 i+^l-. 



0(max{MO, (4e 2 ^)- i+21og2i± ^} 



as I — ► oo, where Co := 327r ^ 2 "° ; others parameters are defined by [HH) 
(Theorems\^\Eand\^). 

For the quasispline wavelet function ipf- to satisfy Theorem [1] and therefore 
to solve problem ([1]) it is sufficient to have three following conditions for the 
polynomials w n(/ )(mf f , ■). 

Theorem 2 Suppose that there exists a sequence n(Z) for I G N such that 

\\u n Q)(mf, ■) - mf\\c =: a (I) = o(r l ) as I — > oo, (10) 

\\u n{l) ((mfY, •) - (mf Y\\c =: 7(0 = o(l) as Z - oo, (11) 

« n(0 (mf,7r)/0, (12) 

i/ien i/ie corresponding quasispline scaling Ffy and wavelet functions sat- 
isfy the conditions of Theorem^ 
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De la Vallee Poussin means satisfy these conditions (for the proof see [B] p. 
460, p. 465, and p. 461 respectively). 

By definition, put m := u n Q) (mf , •) and u\ t i : = u n (i)({mf)\ ■), w ,z : = 
ui/ui(0). 



4 Convergence of frequency radii for the scal- 
ing functions 



Lemma 1 ||77ij— m \\c < Ka(l) = o(Z x ) as I — > oo, where K :- 
is bounded. 



\\ u i\\o 



inf fe >; \uk(0)\ 



Proof. Combining (j3J) and (JlOj) we get 

N 2« 



|m, - m M \\ c 



'cos(a;/2)) i 



Ui(0) 



771 



M 



< 


— — — mi 


c 


ui(0) 1 



< 



< 



Ul 



ui(0) 



Ul 



i II M|| ^ \\ u l \\C I, / n \ 

+ \\ui-m l L< — ; — tt^i 

c m h>i \u k 



c 



l\\ c + a(l)< 



< 



\ui\\c 



+ 1 a{l). 



mi k >i \u k { 

Since ui(0) — > mf 1 (0) = 1 as I — > oo, it follows that for some Z G N 
inf fc > /o |u fc (0)| > c> 0, therefore inffc l | > "' | l j t '; (0)| is bounded. □ 

From here we suppose that I > Iq. To simplify reading let us collect 
together notation of parameters using in estimations. So we get 



:= la(l) +7(i), c := inf z >; |uj(0)|, e(Z) := 
| < co> < | (the parameter of the Meyer mask) 

Lemma 2 ||mj — [m M )'\\c = 0(//(Z)) as Z — > oo. 

Proof. Using Lemma [Q, and (TTTj) we get 

21 



(13) 



cos • 



m M )V) 



Z f cos 



UJ 



21-1 



sin- ui(u) + [cos- 



21 



U [{u) - (m M )'(uj) 



8 



CO 



21-1 



CO 



— Ucos— J sin — (m, (lo) + Ui(co) — m l (co))+ 



2/ 



-/tan — m {co) — lycos— j sin — {ui[co) — m\ {uj)) + 



u\ 21 (m M )'(oj) (cos % ) +Z(cos£V sinfm"'(wj 
( COS 2J / —i = 



-I cos — sm 
2 



(cos f ) 

+ (cos|) 2i - (mf )'(«)) - (m M )'(u,) 

in | - mfV)) + (cos ^ („,» - (mf )'(«)) 



O(/a(/)+7(0)- 



For m;, we have 



(cos |) 2 ' tt z (u;) 



«i(0) 



- K)V) 



< 



< 



coyi , 

COS—) 



|V 1 (o)-i| + 



cos|)\(u,)) -(m M )'(o;; 



= (|| (m M )'(u,) || c + 0(ia(i) + 7 (0)) + O(J«(0 + 7(0) = 

= 0(la(l)+j(l)).D 

Lemma 3 \\ipi — <f M \\c\ a ,b] — 0(^(1)) as I — > oo /or any a < b, a,b £ 
Parameter fi(l) is defined by {Tty) 



Proof. One can rewrite the proof of the Lemma from [BJ Lemma 1] . It is 
sufficient to change the notation vi by u\ and so on and to use the conditions 
({TO]) . (fTT]) instead of the property of the de la Vallee Poussin mean (see the 
formulas (4)-(7), (11), (12) 01) □• 
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Lemma 4 



<Pi - ¥ 



M 



0(max{//(Z), (4e 2 ^)- i+21o ^ i± ^ i }) as I 



oo. Parameters are defined by |73j). 

Proof. We claim that there exists a function £ such that £ G L 2 (R) 
and |^i(a>)| < £(o;). The construction of the majorant can be rewritten with 
a inessential changes of notation from P, Lemma 2]. So write the results. 
Denote 

" ui{uu2-i) 



)=n 



Then under the assumption \u\ > 1 we have 



I^o7(o;)| < \uj\- 2d M e ^+oW))) < |^|2io g2 ±+^ e 2a, (/+o(M0)). 
So |</?z(o;)| are majorized by the functions 



Thus the function £ may be defined as 



<p M {u) +O(/i(0), |w| < 4e 2 ^ , 

l+e(0 



Li) 



> 4e 2uJ0 . 



(14) 



(15) 



(16) 



v 2 \u)\ 



1 1 Ol I+Sf!) 

-ii+21og 2 — 



\U 



< 4e 2u >°, 
> Ae 2uJ °, 



where V\ and u 2 are constants, Ui,u 2 > 0, li := max{/ , 2 log 2 1+£ ") + 2}. 
Then the convergence follows from the Lebesgue's dominated convergence 
Theorem and Lemma 

Let us estimate the rate of the convergence. If |o;| > 4e 2u) °, then ip M (uj) = 



0, so 



M 



2 



duj 



+ 



^oii^r, _ , n M\\2 

IC[-4e 2t "0,4e 2 "0l 



< 8e 2a;o ||<^ - <p* 



+ e 



o(M0) 



Wrl Y llc[-4e^0,4e^0] 



|o)|<4e 2 "0 J|w|>4e 2 "0 
>4e 2 "0 

O(M0)(4 e 2^0)-2Z+41og 2 1±£« +1 



< 



da; 



2/-41og 2 



l+e(Q 



This completes the proof of Lemma HID. 
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Remark 1 If we combine Lemma\^ and Lemma\Q we get \\(pi — 1| c(ir) — 
O (max{/i(/), (4 e 2-o)-«+2io g2 l±f«|j _ 

Lemma 5 - 1| = O (max.{n(l), (4 e 2 ^)-2/+4io g2 i±£21j j as / ^ oo. 
Parameters are defined by < f73j) . 

Proof. Suppose a; G [— 7r, 7r]. Since </2 M is an orthogonal scaling function, 
we see that Xlfcez ly 9 ^^ + 27Ro>)| 2 = 1. Taking into account (fl6j) . we define 
A; := pe 2 ^ /^ + 1/2] . Hence 



l$/M-i| 



^ |0i(o; + 2vrA;)| 2 - ^ |</? M (u; + 2vrA;)p 



feez 



< 



< 



+ 2nk)) 2 - (V M (u; + 2ttA;) 



£ + £■ 

|fc|<fco |fc|>fco 



Using Lemma [3] we get 



^<(2A; + 1)( sup \{p l {u)-ip M {u)\+2 sup |<^ M H|)x 

|o;|<4e 2 "0 |aj|<4e 2 "0 



|fe|<fe 



x sup \ipi(oj)-ip M (uj)\ <0(n(l)). 

|w|<4e 2t "0 

Since ip M = as |u;| < 4e 2w °, (TTtjj) . and the definition of ko, we obtain 
J2 < Yl e 0( ^ ) ^ + 2vrA;r 2i+4l0g2i ^ = 0((4e 2 ^)- 2/+4l0g2i± ^ 

|fe|>feo |fc|>fco 

Therefore, 

-1\ = (max{n(l), (4e 2 " )- 2i+41og2 □. 

Now let us prove the convergence of the frequency radii for the scaling 
function. 

Theorem 3 lA^-A^I = O (max{/i(/), (4 e 2^o)-2Z+4io g2 *±£l \\ as / _> qq. 
ipf- ip M \ J 

Parameters are defined by / TTgj) . 
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Proof. Since the functions cpj- and <p M are even, then w 0l ^l = ^q^m 
where ^ Q ^]_, w 0( ^m are the frequency centers. 

Taking into account Lemmas [31 O and the estimation ffT6l) we have 



0. 



|A 2 r± - A 



OJ 



< / to 



< 16e 4 -» / ( {frf («) 

|oj|<4e 2t "0 



$ Z (W) 



< 



cL> < / + / < 

H<4e 2 "0 </|w|>4e 2t "0 



(^) 2 H- ^ H 



dui+ 



+ 



|w|>4e 2 "0 



+ 



^ 2 (£i) 2 K 



1 



dcj < 16e 4wo [ ||$, 



c 



(^) 2 (g) 



V Af ||(7[-4ea-o,4e aw o] / + <£ M (^)I <^ J + 

' \oj\<4e 2uJ / 



2 e O(^(0)(4 e 2wo^-2J+41og 2 



l+e(0 



1 r^,,$,(u,)(2Z-41og 2 ±±^-3 



From Lemmas [3] and [5] it follows that the integrals 



/ 



dw, / +<^ M (u;)|o?a; 

|w|<4e 2 ^0 ^Zl^J J|w|<4e 2 "0 



are bounded. Hence 



|A\ - A 2 ^| = O fmax{/i(0, (4e 2 ^)- 2i+41 ^ 2 ^j) + 0(/i(/))+ 



+0((4e 2 -°)- 2i+41og2i± ^ 1 ) = O (max{/x(0, (4e 2 ^)- 2i+41og2 ^}) □. 

5 The growth of the smoothness and the ex- 
ponential decaying. 



Lemma 6 The polynomial Uqi is a pure mask. 
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Proof. Let us use Proposition [TJ Recall that u j = ui/ui(0). By the con- 
dition (1101) and the inequality 7r/3 < ujq < tt/2, where ujq is a parameter of the 
Meyer mask, we have sup h7rA7r/3] \ui-mf \ = sup h7r/3 >7r/3] |m z -(cos -/2)- 2l \ = 
0(a(l)) as / — > oo. Hence Ui(u) ^ on the interval uj G [— 7r/3, 7r/3]. There- 
fore the polynomial u\ has no pair of symmetric zeros. If B := {b\, . . . , b n } 
is a cyclic set and &i = re^, then r = 1, £ = ^rrf- If we suppose that 5 is a 
nontrivial cycle of the mask u\ then the set 7r+ has to be roots of it;. But 
it does not hold true because of u\{uS) ^ on the interval u G [— 7r/3, vr/3]. 
Finally, the condition M/(7r) 7^ is postulated in f|T2|) . Then has no the 
trivial cycle □. 

Using Lemma M one can apply Proposition [2] to estimate smoothness of 
the non-orthogonal quasispline scaling function ipi. 

Lemma 7 The following inequality holds true 21 — 1 + log 2 (^ 1+ c £ ^ < a <p t < 
21. Parameters are defined by (ESP- 

Proof. If we recall f lTUj) and c = inL>/ u/(0), we get 

sup w < (l + e(/))supJmf f H| 



sup «oa w ) ^ 



< sup |/ ,i(w)| 



for e(Z) := a(l)/\\mi \\c — > as / — > 00, where /o,z is even 27r-periodic function 
and fo,i(u) ■= (1 + s(l)) (cos u/2)~ 2l /c for < u; < u)\ and fo,i(u) ■= for 
cl>i < u; < 71. So we get 6 k (u ,i) > k (fo,i). 
The definition of / / yields 



,zM • • • fo^-'u) II = /o,i("i) • • • /o,i(2- fc+1 o; 1 ) 



-fe+i, 



cos • 



COS 



2 ~~~ 2 k 
Then using Proposition [2] we have 

Wo,/) = -^log 2 ^l^&y_2Zlog a 



as 



COS • ■ COS —r 

2 2 k 



log 2 



l + e(0 



k — > 00. Passing to the limit, we use the identity YlJLi cos fj = ^77^- 
Therefore 9(u 0) i) > log 2 ^ l+effl ) ■ ^or u o,i ^ ne multiplicity of the trivial cycle is 
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equal to 21. Hence 21 — 1 + log 2 (^ 1+ c £ ^ < oi Vl . By definition of the norm || • ||oo 

we have \\uo t i(uj) . . .uo t i(2 k ^ 1 uj)\\ 00 > M 0i i(0) . . . -Uo,/(2 fc_1 • 0) = 1. Therefore 
Proposition [2] yields 9 k (u 0) i) < 0, then 6*(m ,/) < 0, thus a Vl < 21. Finally, we 

obtain 21 - 1 + log 2 (r^) < a n < 2ln 

Lemma [5] allows to extend the estimation of the smoothness to the or- 
thogonal scaling and wavelet functions. 

Theorem 4 The following inequalities hold true 



21 ~ 1 + 10& {T7W))- a *'- 2 '' 21 ~ 1 + ' og2 [TTW) ) ~ °* " 2L 

Parameters are defined by < f73j) . 

Proof. It is sufficient to prove 0&, = 9—r = $tt- Using Lemma we 

W w 

get < ci < < c 2 < oo. Therefore c^ ' 5 | < |^| < q a5 |y?/|. Thus 

taking into account the definition of 6? we get 9^ t = 6^_. 

Then the application of ([9]) yields 

= \m (| + -) (f + $ r °' 5 (- + 2-) ^ (I) $r - 5 (| 

There exists an arbitrary large u (for example, u G [— 2ujq + 2ir(2k — 1), 2co>o + 
2tt(2A;-1)], k eZ) such that l-a(Z) < mj(u;/2+7r) < l + a(Z). Therefore for 

given we have (l-a(Z))c°- 5 c 2 " 1 |^(cj/2)| < < (l+a(7))4 5 q ^OV 2 )!- 

Finally, again taking into account the definition of 9f, we get 9^ — 9-~i □. 

Lemma[5]also allows to deduce exponential decay of the orthogonal scaling 
function iff- and the wavelet fucntion ipj-. 

Theorem 5 The functions iff- and ipf- decay exponentially at infinity. 

Proof. Since mi is a trigonometric polynomial, ipi is compactly sup- 
ported. Consequently taking into account Lemma [3J we deduce that tpf- 
decays exponentially at infinity. So y?/~(£) = 0(e _/32 '''), j3 2 > 0. Fix I G N. 
The application of equality © yields ip^~(t) = J2kez(~~ l) fc ^-fc+iV 9 /"(2^ — k), 
where hk are the Fourier coefficients of the function m^. As mf- is a rational 
trigonometric function and the denominator does not equal to as uo G M, 
then hk = 0(e _/3l ' fc '), /3i > 0. Therefore, we have 



J2(-±) k h-k + ivH2t-k) 
14 



<Y\h-k + ivt(Zt-k) 



k<=Z 



< 



<Aj2e- 



■p 2 \2t-k\-p 1 \-k+l\ 



where A is a constant. The application of the property of module and geo- 
metric series yields 



-fc\2t-k\-Pi\-k+l\ 



fcez 



e ±/9 2 -2/3 2 |i| 



3 ±/3 2 



+ • 



1 _ e -P\-pz 1 e /3 2 -/3i _ ^ 



e /3 2 |-2t+[2t]|-/3 1 |[2t]| _ e ~2/3 2 |t| 



; K+/? 2 |2t-[2t]|-/?i|[2t]| 
1 _ e -/3i-/3 2 



where re = -/3 2 as i > and re = -ft as t < 0. Therefore V, 1 = 0^e" max{/3l ' /32}|2 * 1 ) . 
□ 



6 Convergence of time radii for the scaling 
functions 



Lemma 8 For any — oo < a < b < oq it holds true 
O (//(/)) as I — > oo. Parameter /z(7) zs defined by (T73|). 

Proof. Using the definition of we get 



Ai 



C\a, 















CO 






£2 




io=i 








oo 








2" 




io=i 






+ 


m 



u'=i 



2io 



JO 



m, — — 

' V2-?° 



2*7 



i - , . . - M (-) 



n 



[m 



10 



n 



2WI J.J. | \2jJ 



+ 



1; — 

' V2*> 



m — 
\2V 



< 



n n 

3=1,3 ¥"30 3=l,j¥"3a 

From Lemma[2]it follows that |m{ (^) - (m M )' fe) | = 0(^(0) and | m z (affiO 

(m M y IL . Since \m M \ < 1, we have 



M+0(fi(l)), where M := 
1. 



ic 



IE. 



3 =1,3 ¥=30 



rn M (§) 



< 



15 



Taking into account Lemma [T] and the definition of (pi, we obtain 

jo-i jo-i 



n - Q 

j'=i>j¥j'o 



n 



m 



Jo-l 



M fW\ 

2?) 



< 



+ 



n 



j=l 



n - (l) - n 



m 



M 



3=1 



2?) 



<pi 



OJ 

2J0 



2j° 



\230 



Using (fTUj) and the property of the Meyer mask m < 1 we get 



30— 1 jo— 1 

n - (l) - n ™" (l) 

j=i 



< 



mi 



to 



j=i 

jo-l 



< 



— m 



(DliMD+K 



j =2 



jo-l 



jo-l jo-l 

n- * -n 

3=2 j=2 
Jo-l 



Hi 



A/ 



2J/ 



J=2 



n - (l) - n 



J=2 



< - m M || c + (1 + ||m, - m M || c ) 
Reiterating the procedure jo — 2 times we obtain 

(HO(a(O)r 1 



23) 



Jo-l jo-l 

n »x ^ 



\2V 



2i) 



1. 



J=l j=l 

From Lemma [3] and the definition of the Meyer scaling function it follows 
that |^(^)| = l + O(M0) and ft (%) - ^ (%) = 0(fi(l)). Finally, we 



note that |m A/ | < 1, therefore 



< 1. 



Combining all the estimations together we obtain 



<O(Ai(0)J]2-* + (M + O(Ai(0)) 

jo=l 



o(ai(0) £ 2-* + (1 + o(M0)) £ 2 " j0 (C 1 + °H0)) jW - 1) 

jo=l jo=l 



< 
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The next to last equality follows from the identity 

oo 

^2-*((l + 0(a(i)))*- 1 -l) 
io=i 



io=i 



1 fl + 0(a(l)) 
2 



jo-l 



2*> 



Q(q(0) 

1-O(a(0) 



□. 



Lemma 9 



oo, ^ere C := 



I max{/i(/), Z°- 5 C ' +2 '° g2 ^ } ) as I 



. Other parameters are defined by l[T3\) . 



Proof. We prove the Lemma in a similar manner as Lemma HI Let us 
find a majorant £i 6 /^(M) f° r the function <p/. From the definition of (pi, 
f lTD . and the identity EJU 2 ~ io tan ' 



— 5 — c °t f ^ follows that 



io=i 



/ CO \ 



£ 2 -M*) n »Hajj 



— sm 



2*> +1 7 uj(0) 



n 



cos • 



2/ 



2W u ,(0) 



+ cos 



J «,(o) . 11. I cos 2i+y) ttl (o) 



2-?'° +1 , 



oo 



E«(- ta ^)n(-^) n 

jo=i i=i i=i 



io=i 

oo 



, y ? -h Ul > 1 (2%) TT 

f z. 2 Ul(0) 11 



+ 



' sin lo/2 



io=i 



2/ 00 



cos • 



2J- 



2/ 



n 



c<j 2 \ / sina;/2 
/ cot w 



E2- 

3o=l 



2 luJ \ lu/2 



0=^,3^30 
21 

^o(^)+ 



m (f) 
^ «i(0) 

Mil 

«i(0) 



«i(0) 
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If I a; I > 4e 2uJ °, then applying (1151) and (TIB]) for the first item we have 

2/ 



u 2sino;/2\/2x 2l _ t 

'I cos- )(~) ( sm ^/2) tpifliu) 



< 



<Cle ^\u\- l+2l0 ^^ R . 
Let us estimate the second item. 



io=i 



Using ([IS]) for |w| > 4e 2w ° we get |^(^)| < |o;2-^|- 2e KO e 2"o(H-o(MO)). 
Using the condition (fTTj) . the definition of the function m^ 1 , and the inequal- 
ity 7r/2 < co>i < 27r/3 we get 



( u 



< (m — cos ■ 



< 



2^ 



+ O( 7 (0) < 



V2*> 



2io+i 



-2/ 



sm 



2io+i / 2- )0+1 V 2- JO+1 



cos ■ 



-21-1 



+ 



+O( 7 (0) < (cos^i)" 2 ' (M + / tan ^ +O( 7 (0) < 

< (4/3)' (M + ly/tj +O( 7 (0). 

Then taking into account condition (flQl) . the properties of the Meyer mask 
\m M \ < 1, m M \uj) = as LO\ < \u\ < it, and the inequality 7r/2 <uj\< 2tt/3 
we have 



J'o-i /ui 



30-1 

3=1 

30-1 



30-1 



m M (u2-i) 1 -p-r 



1 



(cosu;2 



j y (cosa;i2 •? 1 



,2/ 



+ a(0 < 



- n (coscu^-^- 1 ) 2 ' 



,30-1 



-21 



,30- 



x / wi/2 



sina;i/2 



2/ 



3=1 



2/ 



3-1 



V3V2) 



21 
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where a is a majorant of the expression 1 + a (I) (cos uji2~i~ 1 ) 21 , so it can be 
chosen a < 1.5. 

Collecting the estimations we obtain for l2,i(w) 

h,iiw) < 



2io 



2e{n ^ ) e 2. (/+o(M0)). 



< V 2 -7o (l)'( M + l ^)+°(^)) 3 io-i 

Since log 2 (y^y) < 0{u o ,i) < and a < 1.5, we get |w|- 2fl («o.«) < M 21og2 ^ 
as |u;| > 1, 2 Jo(? K0 < 1, and ££ =1 2-^o J ' 0_1 = (2 - a) -1 . So 



e o(A«(0) (M + /V/3+ (3/4)'O( 7 (0)) /8vr 2 e 



3 2<^o 



l+e(0 



Thus we have for \u\ > 327r ^ 2 "° 



7^- J 2 ,iM < (sma;/2) ry-— r x 

V w/2 / (1 -a(/))(2-a) 



oo 2 2^o \ ' 



2Z+2 i og2 i±£(i) nn , n H+2log2 i±m 



where C(Z, lu ) := e°W)) (M/l + V% + /- 1 (3/4)'0( 7 (/))) (1 - a{l))~ 1 {2 - 
a) -1 is bounded with respect to the parameters I and Uq. Put C(Z, ojq) < A, 
A is a constant. 

So if |a>| > C := 327r ^ 2 "° ; we can estimate (^j)' as follows |(<^)'(co>)| < 
Finally, using Lemma [8] one can define the functions £i ; such that 



327r 2 e 2 "0 



27 ' (17) 



So the majorant £i is defined in the following way 



327r 2 e 2 "0 
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where v[ and v' 2 are constants, z/{, v' 2 > 0, li = max{/ , 21og 2 it£i!2 _|_ 2} 
is denned in the proof of Lemma HI Then the convergence follows from the 
Lebesgue's dominated convergence Theorem and Lemma [HJ 

Let us estimate the rate of the convergence. If |u;| > Co, then ip M (uj) = 0, 

so 



^1 M 



2 



duj 



<2CoW l '- V M \\ 2 c[ _ Co , Co] +AH 2 



\0J 



M<c Jn>c 



n>c 



2C ||^-^|lc[-C ,Co] + 



A 2 Z 2 (C )- 2i+41og2i± ^ i+1 



21 - 4 lo£ 



l+gO) 



= O Lax{// 2 (0, n 2/+41 ° S2i± ^}^) . 
This completes the proof of Lemma [9] □. 
Remark 2 Using LemmalE and LemmalB we get 

= oLax{M0,^ ~' +21OS2 ^ 



Lemma 10 ||$||| c = O (max{,u(T), Z°- 5 (4C e 2 ^)- /+21o S2 as Z -> oo. 

Parameters are defined by < f73j) . 



Proof. Taking into account the Definition and the estimation (TT6T) 
one can termwise differentiate the series, so 

Since the Meyer scaling function is compactly supported and satisfies the 

. — . 2 

property ^ fceZ tp M (u + 2irk) = 1, we get 



fL^(w + 27rJfe) ^ = (£L^(u; + 27rJfe) J 
fcez ^ ' \fcez / 



:iy = o. 
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Suppose |a; | < it, then we obtain 
m(w)\ < 2 ^ \<Pi(v + 2nk)<pi(u + 2irk) -fi(uj + 2nk)^ 1 ' (uu + 2nk) 



< 



< 



+ 



2V|^(a; + 2nk)\ cp/(u + 2nk) - cp M> (uj + 2nk) 
+2^|<^'(cc; + 27rfc) fifa + 27rk) - <p*(u + 2irk) =: 21 3>l {u) + 2I Ajl (u). 

k&L 

Using the parameter ko = [2e 2wo /7T +1/2] defined in the proof of Lemma [5] 
we get 

u») = E + E • 

|fc|<fc() |fc|>fco 

Taking into account Lemma [S], for the first sum we have 



E <\\ft-v M '\ 



\(pi(u + 2TTk)\=0(jJi{l)). 

\k\<k \k\<k 



If we combine Remark [2] and the estimation (Tl6l) . the second sum is 



|fc|>fc ' \k\>k 



-1+2 log. 



1+e(0 



= O (maxMfy / - 5 C ^ +21oS2i± ^}) (4e 2 ^)-' +21 ^ i± ^. 

Estimate I^i(u). Since supp<^9 M = [—2ui, — 2u; ] U [2co> , 2ui], then <£> m (c<j + 
27rfc) = as k > 1. So for the sum I^i(uj) we have 

I 4)l (co) = Y + 2ttA;) £j(u; + 2ttA;) - <^(u; + 2tt£;) . 

|fe|<i 

Thus the application of Lemma [3] yields l4,i(u>) = 0(fi(l)). Finally, for $' we 

get 

< 2(J 8fI (a;) + J 4 ,*M) = O (max{/i(0, Z°- 5 (4C e 2 ^' +21oS2 ^}) □• 
Now let us prove the convergence of the time radii for the scaling function. 
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Theorem 6 |A 2 ± - A 2 M | 
Parameters are defined by (E2j). 



O I max{yu(/), IC { 



_ i+2 lo g2 l±£(0 



} as I 



oo. 



Proof. If the function tp is real- valued, then Jp(t) = (p(—t). Hence the 
function \(p\ 2 is even. So the time centre = 0. Then the square of the 
time radius A 2 = f R t 2 \(p(t)\ 2 dt. Using the property of the Fourier transform 

(f'{uj) = iuj(p{uj) we obtain A 2 = (27r) _1 J r \((p)' {u)\ 2 duj . 



Since the functions <pf, (p M are real- valued, then we have t Qlp ± = t 



So for the squares of the time radii we get 



A 2 X 



1 

2^ 



\{ V t)\u)\ 2 <ko and A; 



2tt 



\(<P M )'(u)\ 2 du. 



Then we have 



A\ 



1 



A 2 



< 



2tt 



da; < 



< — sup 

27T wgR 



Applying Lemmas [5] [10] and Remarks [T], [2] we establish the boundedness of 
the supremum factor 



sup 



(oo) + <p M (oo) 



< 



M 



+ 



+ 



M 



< 



1$; - II 



C 



l\\C 



M 



+ 



C(K) 



1$; 



+ 



<P 



M 



o 



M 



! \ - L \\c) 

Applying the same Lemmas [5] [10] and Remarks [1] [2] we get the convergence 
to of the integral 



<pj- (oo) - V M (oo) 



duj < 



du+ 



®l(oo) 



duj < 
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< 



l-||*i-l|| 



c 



< 



l-ll^-lllo VM<c 

l|l-*llo 



(i-ii^-iy 



\(pi{u))\ dio < 



duj + 



l-ll^-ll 



c 



\u\>C 

<p"(u>) du + 0{\W\\ c )< 



du 



< 



<Pi -<p 



M 



C[-C ,C ] 



2AlC l+2l °^ +1 



1-11*1 -111 



c 



(l-H^-iy /-2io g2 



i+gffl 



+0 (||$, - l|| c ) + O (WWc) = O (max{MO, IC~ 1+2 ^ □. 

In Lemmas [HlfTUl and Theorem [6] we apply without proof the formula 

11^! mi(u2-^' = J27 =i 2^°m{(w2-^) UT=i,^ Establish it in 

the following 



Lemma 11 For any a, b such that —00 < a < b < 00 we have 



u'=i 



C[a, b] 



00, where (^YlJLi rni(uj2 J )J is the notation for the 
£~ =1 2"*mJ(a;2-*) m^). 



as n 



series 



Proof. Using the introduced notation we have 



E 2 

io=i 



2^" 



n 



2.?/ ^ ' V2-?o 
io=i 



n - (|) 



< 



23 



< 



+ 



j' =n+l 

oo 



£ (£) II ™, (£ 



s>M£)( n 



n 



(I) 



n -(I) 



- 4,n(w)+-^6,n(^)- 



The application of the Lagrange Theorem and Lemma [2] yields |m/(a;)| < 
1 + A\u\, where A is a constant. Hence 



io-i 



jo-l 



< n (1 + A\u>\2-*) = e« lln ( 2J + A M)- ln2J < ^H^ar < e 



jo- 1 1 



So using additionally Lemmas [2] and [3] for the first sum we get 

j'o-l 



/ 5 ,»H< ^ 2-* 

j 0=n +l 



^ (I) n ™< (|) (^) 



< 



<{\\{m M )'\\ c +\\m[-{m M )'\\ c ) 



+ 



where all factors are bounded as a < u> < b, I G N. Thus Is t n(w) — * as 
n — > oo. 

For the second sum I en (u) we obtain 



n -.(l)i^-)- 1 



io=i 



i=ij¥io 



Since the function £5} is continuous, ^j(O) = 1, and a < \u\ < b, it follows 
that \(pi {^A — 1 = £i(n) — * as n — >■ oo. So we get 

4»<(l"^) (||(^ M )1| c +|K-K7|| c )e AM eiH, 

where all factors are bounded as a < uj < b, I G N. Thus Is tn (uj) — > as 
n — > oo □. 
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7 Convergence of time and frequency radii 
for the wavelet functions 



-l+2\ 



l+e(0 



Theorem 7 IA 2 - - A?~| = max{u(Z), lC n 

|Ajj. - A 2 M | = (max{/i(I), (4 e 2w )-2+2iog 2 i±i21-j.^ as oo. Parameters 
are defined by |73|). 



Proof. The equality ([9]) shows that ^ is even. The function tp M is also 

Lu^-TT? = and t M ,± = t r 



'ofM ~ « «d#- = ^ = !/ 2 - The mask m z 

and 



even. Therefore uo -~r 

is real-valued function. Therefore, using the stucture of formula (E 
applying Lemmas [H El and Theorem [3] we get for the frequency radii 

IA 2 - -A2~| = 



\2 

< \\(™t) 2 \\c I ^ 



I da; 



a; 



<P 



M 



dui+ 



+\\(mtr - {m»y\\ c I 



UJ 



dui 



A- 



+ 0(||$ i -l||c;) + 0(||m i -m M || c ) 



O ^max{yu(7), ZC 



;+2i 



< 



Going on to the time radii we use the identity A 2 = f R t 2 \f(t)\ 2 dt — t^. Then 
applying Lemmas [21 [TOj [9] and Remark [2] we obtain 



2tt|A 2 



< 



A 2 I 



< 



M 



^ (u) - ip M (u) 



duj < 



< A 



' ipf- + m^ipf — im^Lpj- — m M ' cp M — m M \p M + im M \p M 



< 
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< A [ || mi — im 



i \\c 



M 



+ \\ m l lie 



+ \\m l — m ||c 



n _]_' m 1 n 

+ || m z — m He 



M 



The application of Lemmas [3j HJ and [5] yields 

I 7>1 = 0(||$, - l|| C )+0 (|(4 e 2-o)-Z+21og 2 i±fffl^ = ^ max{/i ( /)) (4e 2^)-i+21og 2 i±fffl| 

Using the Definition of m^, Lemmas fTUl 151 and [2] we get 

h,i = O (||$;|| c ) + O m - l\\ c ) + O (||m; - m M ' \\ c 

= O (max{MO, (4e 2 ^)" 2Z+41og2i±fii1 }) • 



From Theorem [6] it follows that 



h,i = O ymax{/j,(l), IC 



l+2\ 



1+gffl 



} 



l+e(0 - 



Finally, using Lemmas [5] and [T] we get 

Jio,i = 0(||$, - l|| c )+0 (\\ mi -m M \\ c ) = O (max{/x(0, (4e 2 ^)^ +41 ° S2 ) • 

Thus, collecting the estimations we obtain 

Kx - AJm| = O (max^Ci), (4e 2 -)-' +21 ^ 1± ^}) □. 
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